Abstract An eigenfunction solution to the problem of plane wave scattering by dielectric, magnetic, and magnetodielectric cylinders is used for a systematic investigation of their resonances. An overview of the resonances with electric and magnetic dipole moments, needed in, e.g., the synthesis of metamaterials, is given with an emphasis on their strength, bandwidth, and isolation.
Introduction
Among a large variety of metamaterial (MTM) realizations, see, e.g., [1] and the works referenced therein, special attention has recently been devoted to designs based on cylindrical or spherical inclusions of dielectric or magnetodielectric materials [2] [3] [4] . One main advantage of these designs, as compared to arrangements of conducting wires and split ring resonators [1] , is their potential of providing low-loss and isotropic MTMs. The basics of the novel MTM realizations rest upon the excitation of electric and magnetic dipole moments in the dielectric or magnetodielectric inclusions, which give the possibility of achieving negative effective permittivity and permeability. In consequence hereof, there is an increased interest in a detailed understanding of the underlying physics of these resonances. The present work gives an overview of the resonances providing electric and magnetic dipole moments in dielectric, magnetic, and magnetodielectric cylinders illuminated by a uniform plane wave. Using the eigenfunction solution, the resonant properties are illustrated for a variety of cylinders. In particular, the strength, bandwidth, and isolation of the resonances, these being crucial parameters in MTM designs, are investigated. Moreover, analytical expressions are presented for electric and magnetic dipole moments in all cylinders, thus providing additional insight into the potential of such inclusions for MTM design. Throughout the manuscript, the time factor exp(j ωt), with ω being the angular frequency and t being the time, is assumed and suppressed.
Configuration and theory
The cross-section of the configuration is shown in Fig. 1 . It consists of an infinite circular cylinder illuminated by a plane wave and immersed into free-space with the permittivity ε 0 , permeability μ 0 , and the wave number β 0 = ω √ ε 0 μ 0 = 2π/λ 0 , with λ 0 being the free-space wavelength. The cylinder has a radius a and is made of a simple and lossy material with the permittivity ε c = ε 0 ε r = ε 0 (ε r − jε r ), permeability μ c = μ 0 μ r = μ 0 (μ r − jμ r ), and wave number β = ω √ ε c μ c with Im{β} ≤ 0. A cylindrical coordinate system (ρ, φ, z) , and the associated Cartesian coordinate system (x, y, z) are introduced such that the z-axis coincides with the axis of the cylinder, and the incident wave is propagating along the positive x-direction. Two polarizations of the incident wave are considered: transverse electric (TE z ) and transverse magnetic (TM z ). The exact solution to these problems is based on the eigenfunction expansion technique and is rather straightforward to obtain, see, e.g., [5] . For TE z polarization, H i TE denotes the known magnetic field incident on the cylinder, H s TE denotes the magnetic field scattered by the cylinder, and H t TE denotes the total magnetic field inside the cylinder; moreover, E i TE , E s TE , and E t TE denote the corresponding electric fields. The unknown fields (H s TE , E s TE ) and (H t TE , E t TE ) are expanded in cylindrical wave functions with the unknown expansion coefficients a n and b n , respectively, where n is the mode number (i.e., n = 0 is the monopole mode, n = 1 is the dipole mode, etc. and e n , respectively. All expansion coefficients are found by use of the boundary conditions at the cylinder surface. With this solution, the different electric and magnetic dipole moments can be calculated. For a dielectric cylinder (ε r = 1, μ r = 1), the electric and magnetic dipole moments are given by
, and
respectively, where J p = jω(ε c − ε 0 )E t TE,TM is the polarization current density inside the cylinder, and dv denotes a differential volume element with the position vector r . For a magnetic cylinder (ε r = 1, μ r = 1), the electric and magnetic dipole moments are given by
where J m = jω(μ c − μ 0 )H t TE,TM is the magnetization current density inside the cylinder. In a magnetodielectric cylinder (ε r = 1, μ r = 1), both electric and magnetic polarization currents exist, and the total electric and magnetic dipole moments are p md = p d + p m and m md = m d + m m , respectively. An electric dipole moment can be created by an electric line current or a magnetic loop current while a magnetic dipole moment can be created by an electric loop current or a magnetic line current. These line and loop currents are associated with the n = 0 and n = 1 modes which are thus of relevance in the design of MTMs.
Numerical results
The expansion coefficients a n and b n , as well as d n and e n , depend on β 0 a, ε r and μ r . For specific values of these parameters, the coefficients attain a large value which implies a resonance of the corresponding mode. The resonant properties of a lossless dielectric cylinder with TE z polarization are illustrated in Fig. 2 for the n = 0 and n = 1 modes. Figures 2(a)-(d) show the magnitudes of a 0 , b 0 , a 1 , and b 1 , respectively, as a function of √ ε r and β 0 a (the default color axis has been changed in (b) and (d) to enhance the visibility of the results). It is seen that the maxima of the coefficients follow specific resonance curves; the resonances are designated as the TE d nl resonances, where for each n, l = 0 corresponds to the leftmost curve, l = 1 corresponds to the second leftmost curve, etc. Thus, Figs. 2(a)-(b) Figs. 2(a)-(d) but with a reduced range of β 0 a. The width of the resonances for the n = 0 mode is seen to be broader than for the n = 1 mode, and for each of the modes the width differs for different resonances for a given √ ε r . In addition, the higher the value of √ ε r the narrower is the width, and the higher is the amplitude of the internal b 0 and b 1 coefficients. It is interesting that all the resonances of the external coefficients a 0 and a 1 have the same amplitude; however, this will be different for other types of illumination and normalization of expansion functions. Although not shown inhere, it was found that the inclusion of moderate losses lowers the amplitude of the resonances, shifts slightly their position in frequency, and broadens their width.
With the aim of exploiting the resonances for MTM realizations, it is important that the n = 0 and n = 1 modes are sufficiently dominant, i.e., their expansion coefficients at resonance should be large compared to those of other modes. Figure 2 
